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We study the possibility of using guided photons to generate, control, and measure the entangle-
ment of two qubits that is mediated by a one-dimensional waveguide. We show how entanglement
can be generated both with single photon and with two-photon wavepackets. The introduction of a
second photon allows for a manipulation of the entanglement between the qubits, and phenomena
such as sudden death and revival of entanglement appear. Finally, we propose a procedure for
entanglement detection via the scattering output of a single-photon over a qubit state.
I. INTRODUCTION
During the last years, a huge research effort has been
directed towards the efficient control of the interaction
between quantum emitters and the electromagnetic (EM)
field. This ability has turned out to be particularly inter-
esting for quantum computation and quantum informa-
tion, where the development of efficient quantum devices
requires a careful control of light-matter interaction at
the quantum level. Since quantum entanglement is a fun-
damental resource for quantum information, an adequate
way of controlling, manipulating, and detecting it is ex-
tensively sought. Many promising applications of entan-
glement between light and matter have been proposed,
such as single-photon transistors [1] or simple quantum
logical gates [2]. The fundamental concept all these appli-
cations rely on is the two-qubit system and the possibil-
ity of modifying its properties by coupling the qubits to a
structured EM environment. Two main ways have been
proposed to achieve this environment modification: opti-
cal cavities [3], in which the dynamics is driven by either a
single mode or a collection of discrete modes, and waveg-
uides [4, 5], where the qubits are coupled to a continuum
of modes. Systems based on cavity quantum electrody-
namics (QED) have been studied in more detail, as their
higher confinement allows for the observation of proper-
ties associated to strong light-matter coupling, such as
Rabi oscillations [6, 7]. On the other hand, waveguides
offer an easy way for the in- and out- coupling of informa-
tion to the system, which makes them good candidates
for a large-scale implementation. Moreover, a large vari-
ety of waveguide systems with different properties have
been analyzed, including those based on photonic crys-
tals [8, 9], plasmons [10–15], superconductors [16, 17],
dielectric materials [18, 19], and other systems [20, 21].
For these reasons, waveguide QED provides an excellent
workspace for quantum information applications.
Previous investigations in waveguide QED have re-
ported the possibility of entanglement generation be-
tween qubits coupled to plasmonic waveguides [11, 12,
∗
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14], and its applicability for the design of simple quan-
tum logic gates. The analysis in all these works made
use of a master equation formalism, in which the EM de-
grees of freedom are traced out. In order to keep track
of the guided modes’ evolution, a real-space formalism
has been developed [22] and successfully used in single-
photon [23] and two-photon scattering problems [24–26].
Recently, we have applied this approach to the problem of
entanglement generation [27]. Our proposal required an
out-of-equilibrium initial state, in which the qubits were
prepared in a particular configuration. The preparation
of such initial state is not always an easy task in the ex-
periment, and this motivates the search for alternative
entangling schemes.
In the present work we explore new ways to generate,
manipulate, and detect the entanglement by exploiting
the simple input and output scheme offered by waveg-
uides. In the first part of the paper we study the ability
of guided photons to generate entanglement between two
qubits separated by a short distance. We show that, al-
though one single photon can accomplish this task, the
addition of a second photon introduces new interesting
phenomena such as sudden death and revival of the en-
tanglement. These features can be exploited to manip-
ulate the entanglement dynamics of the two qubits in a
simple way by varying the temporal delay between the
two incident photons. In the second part of the work, we
address the problem of detecting the entanglement be-
tween the qubits in waveguide QED systems. We show
that, when a single photon probe impinges on the two-
qubit system, the scattered photonic state contains in-
formation about the two-qubit initial entanglement.
This paper is organized as follows. In section II we
introduce the system, the Hamiltonian, and the single-
photon dynamics. In section III we study the effect of
including a second photon into the picture. Next, we
address the problem of entanglement detection in section
IV. The conclusions are presented in section V. Finally,
the Appendix is devoted to the detailed diagonalization
of the Hamiltonian in the two-excitation subspace.
2II. SINGLE-PHOTON DYNAMICS
The system under study consists of two qubits side-
coupled to a waveguide, as depicted in Fig. 1. The EM
field in the waveguide is modeled as a one-dimensional,
continuous collection of bosonic modes with linear disper-
sion relation ω = vg|k|, ω being the angular frequency,
k the wavevector, and vg the group velocity, which we
will choose equal to c for simplicity. The waveguide is
set along the x axis and the propagation losses are as-
sumed to be negligible. The qubits, labeled as 1 and 2,
are two-level systems with transition frequency Ω, inter-
acting with the guided modes with a coupling energy γ.
They are placed close enough to each other such that
we can assume the qubits-photon coupling to occur at
the same position x = 0, i.e., the distance between the
qubits being d << λ = 2πvg/Ω. This approximation
simplifies the problem as the qubits will now be coupled
only to photonic states with even parity. The separa-
tion between the qubits, however, is chosen to be large
enough to suppress the direct coupling between them. In
this way, the qubit-qubit interaction will be completely
mediated by the guided modes. Our aim is to model sys-
tems where the decay channel for the qubits is basically
the coupling to guided photons. We will therefore neglect
any additional radiative losses of the qubits.
As mentioned in the introduction, previous works
[11, 12] have used a Markovian master equation to study
the dynamics of the two-qubit system. These studies
show that the waveguide-mediated interaction induces
the formation of two collective entangled states, the sub-
and superradiant states. Such behavior has been recently
observed in experiments [16]. In this work, we are in-
terested in entanglement generation, manipulation, and
detection schemes based on the interaction between the
qubits and guided modes whose properties can be modi-
fied in a controlled way. The formalism required for this
purpose must include the photonic degrees of freedom in
detail. Hence, we will make use of the following real-
space Hamiltonian [22, 23]:
H = −ivg
∫
dx
(
c†R(x)∂xcR(x)− c†L(x)∂xcL(x)
)
+
+Ω
∑
i=1,2
σ†i σi+
+
V
2
∑
i=1,2
∫
dxδ(x)
[(
c†R(x) + c
†
L(x)
)
σi + h.c.
]
.
(1)
(~ = 1). The first term is the Hamiltonian of the
waveguide modes, which are characterized by creation
operators c†R/L(x). These bosonic operators create a
right/left propagating photon at the position x. The sec-
ond term contains the energy of the qubits expressed in
terms of the fermionic creation and annihilation opera-
tors σ†i = (σi)
† = |ei〉〈gi|, the states |gi〉 and |ei〉 being
the ground and excited states of the qubit i, respectively
(see Fig. 1). The third term describes the qubit-photon
FIG. 1. (Color online) Illustration of the system under study.
Two qubits with ground state |g〉 and excited state |e〉 are
placed in the vicinity of a waveguide. Both have a transition
frequency Ω and an individual decay rate γ.
interaction that takes place at x = 0 and is characterized
by a coupling strength V . The coupling constant in units
of energy is given by γ = V 2/vg.
Following the standard procedure, we take advantage
of the inversion symmetry by defining the even and odd
operators as ce,o(x) = (cR(x) ± cL(−x)) /
√
2 ; σe,o =
(σ1 ± σ2) /
√
2. In this basis the Hamiltonian reads
H = −ivg
∫
dx
(
c†e(x)∂xce(x) + c
†
o(x)∂xco(x)
)
+
+Ω
(
σ†eσe + σ
†
oσo
)
+ V
∫
dxδ(x)
[
c†e(x)σe + h.c.
]
.
(2)
In Eq. (2), no odd symmetry operator appears in the
interaction terms as we work in the limit d << λ =
2πvg/Ω. The odd symmetry qubit state, σ
†
o|0〉, is then
uncoupled to the waveguide modes. Thus, it can be iden-
tified with the subradiant state mentioned above. Phys-
ically, this implies that for small qubit-qubit separations
the even modes play the main role in the system dynam-
ics, and only the superradiant state σ†e|0〉 interacts with
the photonic modes.
The diagonalization of the Hamiltonian in the one-
excitation subspace has been carried out in Refs. [23, 27],
where the general time-evolution operator has been ob-
tained. By using this result we can calculate any time-
dependent expected value for a single-excitation initial
state. We will choose the single-photon initial state
|Ψ(0)〉 =
∫
dx ψ(x;x0)c
†
R(x)|0〉. (3)
The shape of this wavepacket is defined as
ψ(x; a) ≡
√
2µ/vg ·eµa/vge−µ|x|/vgeiωx/vgθ(−x−a). (4)
This particular shape is sensible from the theoretical
point of view, as the sharp wavefront makes the qubit-
photon interaction to start at a well defined time. Hence,
the interpretation of the results is more transparent as we
know exactly when the photons arrive at the position of
the qubits. Note that this wave profile is the same as
3the one generated by the decay of an additional qubit
with decay rate µ and frequency ω, behaving as a pho-
ton source. If we assume this is the case, one has to take
into account that the reflected pulse would interact with
the source qubit, requiring an extension of the formal-
ism. Such interaction could be avoided by insertion of a
circulator, at the cost of increased noise in the system.
Nevertheless, if the loss in the waveguide is low, as we
assumed from the beginning, the source can be located
very far from the qubit pair and this effect should not
play a very significant role.
In the following calculations, the frequency ω in the
incident wavepacket [Eq. (4)] is set to ω = Ω. It can be
checked that this value maximizes the photon-qubit in-
teraction, as the incoming probability distribution shows
a maximum in ω in the frequency space. The qubits-
waveguide coupling has been chosen as γ = Ω/100, which
is within the experimental range for superconducting sys-
tems [31]. Nevertheless, we have checked that the fea-
tures of the generated entanglement are not very sensitive
to the particular value of γ. Instead, the time-evolution
of the entanglement depends on the ratio γ/2µ, as we
will show below. Finally, we place the t = 0 wavefront at
x0 = 200λ. This choice is arbitrary and does not change
the system dynamics, as the waveguide is not dispersive.
Since we are interested in the amount of entanglement
generated in the two-qubit system, we must introduce a
magnitude to quantify the entanglement between both
qubits. Among several proposals, Wootters Concurrence
[32] has turned out to be the most appropriate choice
for two-qubit systems. This quantity is a continuous
function that ranges from 0, for completely disentangled
states such as |g1g2〉 or |e1e2〉, to 1 for maximally entan-
gled states like |+〉 = σ†e|0〉 and |−〉 = σ†o|0〉. The calcula-
tion of the concurrence, C, requires the reduced density
matrix of the two-qubit system, which is calculated by
taking the partial trace of the total density matrix [33].
For the initial state in Eq. (3), the concurrence turns out
to be equal to the population of the even state |+〉, i.e.,
C = ρ+(t).
By applying the time-evolution operator to the initial
state in Eq. (3), we can analytically obtain the concur-
rence of the two-qubit system. The result is shown in
Fig. 2(b). We observe how the qubit-photon interac-
tion is turned on when the photon arrives at the qubits
position, x = 0. The highest value for the concurrence
is achieved for µ = γ/2 (blue line), and the curve rises
up to C ≈ 0.27. This is quite a high value consider-
ing the low symmetry of the initial state. In the same
panel, the concurrence for the cases µ = 2γ (solid black
line) and µ = γ/15 (dashed black line) is shown. The
entanglement generation is clearly worsened for both sit-
uations, as a result of the inefficient excitation of the
qubits. Indeed, the spectral linewidth of the pulse in Eq.
(4), namely 2µ, represents the rate at which the single
excitation is arriving at the qubits, whereas γ quantifies
the photon-qubits interaction rate, i.e., the rate at which
qubits can absorb the photon. Hence, the interaction is
FIG. 2. (Color online) Entanglement generation via a single-
photon scattering. a) Scheme of the initial state: a single
photon at a distance x = −x0 and with the profile of Eq.
(4) impinges on the two qubits in their ground state. b)
Concurrence of the two-qubit system as a function of time,
for µ = γ/2 (blue thick line), µ = 2γ (thin solid line), and
µ = γ/15 (dashed line).
maximized when these two rates are equal, γ/2µ = 1, as
mentioned above.
III. TWO-PHOTON DYNAMICS:
MANIPULATING THE ENTANGLEMENT
In this section we address the problem of manipulating
the entanglement, i.e., modifying the shape of the curve
in Fig. 2(b). This could be achieved by varying the
parameters {µ, ω} of the incident wavepacket [Eq. (4)].
This method, however, is experimentally challenging as
it demands a single-photon tunable source. Here, we pro-
pose to introduce a wavepacket formed by two identical
photons instead of a single one. This approach does not
require a modification of the photon source, as it is a
natural extension of the single-photon problem.
In order to work with a two-photon initial state, the di-
agonalization of the Hamiltonian of Eq. (2) has been car-
ried out in the two-excitation Fock space (see Appendix).
The initial state is schematically depicted in Fig. 3(a): it
is formed by one photon coming from x = −∞ and propa-
gating rightwards, arriving to the two qubits earlier than
a second photon originating from x = +∞ and propa-
gating leftwards. By choosing the propagation quantum
numbers (R,L) to be different we make sure that the
photons are distinguishable and thus the symmetrization
of the initial state is not necessary. The complete expres-
4sion of this two-photon state is given by
|Ψ(0)〉 =
∫
dx1 ψ(x1;x0 −∆)c†R(x1)·
·
∫
dx2 ψ(−x2;−x0)c†L(x2)|0〉, (5)
where the wavepacket ψ(x; a) has been defined in Eq. (4).
The first photon arrives at the position of the qubits at
a time ∆/vg earlier than the second. We will keep the
same values for the parameters {γ, ω} as in the previous
section (γ = Ω/100; ω = Ω), and set µ = γ/2 in order to
maximize the generated entanglement. The arrival time
of the second photon is also fixed through its initial posi-
tion, x0 = 200λ. We will then explore the dependence of
the system evolution with the delay ∆, which determines
the arrival time of the first photon.
In this case, the partial trace over the total density
matrix has also been performed, and the calculation of
the concurrence yields the expression:
C(t) = max
[
0, ρ+ − 2√ρβρGS
]
, (6)
where the quantities {ρ+, ρβ, ρGS} are the populations of
the qubit states {|+〉, |e1e2〉, |g1g2〉}, respectively. These
three states, together with the uncoupled state |−〉, form
a basis of the two-qubit system. The amount of entangle-
ment is thus given by two competing terms: it grows as
the population of the even, entangled state |+〉 increases,
while decreasing when the populations of the disentan-
gled states |e1e2〉, |g1g2〉 build up.
Each of the populations in Eq. (6) is analytically
obtained from the time evolution of the initial state,
Eq. (5). The concurrence generated by this two-photon
wavepacket is depicted in Figs. 3(b) - 3(e) (solid line),
compared to the single-photon case from previous sec-
tion (dashed line). For a large delay ∆ [panel 3(b)], the
two-photon curve is very similar to the sum of two simi-
lar single-photon pulses. This is due to the fact that the
two-qubit system has time to relax to its ground state be-
fore the arrival of the second photon. When the delay is
reduced, the two pulses get closer and start to interact in
a complex way as seen in panels 3(c) and 3(d). Here, the
arrival of the second photon produces a very rapid decay
of the entanglement which, in the case of panel 3(c), is
followed by a rebirth after a given time. Finally, when
the two photons arrive to the qubits at the same time
[panel 3(e)] no entanglement is generated. This means
that, regarding the concurrence, the second photon fully
suppresses the effect of the first one.
The interesting dynamics shown in Fig. 3 can be un-
derstood in terms of the population dynamics of the qubit
levels, which are depicted schematically in Fig. 4(a).
Here, the three possible photon-induced transitions are
also shown: the excitation processes |g1g2〉 → |+〉 and
|+〉 → |e1e2〉, and the induced emission |+〉 → |g1g2〉.
Note that the spontaneous emission processes, |e1e2〉 →
|+〉 and |+〉 → |g1g2〉, are not shown in the picture. The
competition between the two terms in Eq. (6) accounts
FIG. 3. (Color online) Two-photon situation. a) Scheme of
the initial state: two single photons impinge over the qubits
in their ground state, one from the left and the second from
the right. The initial positions of the photons are −(x0 −∆)
and x0, respectively. b)-d) Time evolution of the concurrence,
compared with the single-photon generation studied in previ-
ous section, for different photon-photon delays ∆.
for the concurrence evolution. Figures 4(b) - 4(e) show
both of these terms, ρ+(t) and 2
√
ρβ(t)ρGS(t), for the
same values of ∆ considered in Fig. 3. For large delay
[panel 3(b)], the state |+〉 excited by the first photon de-
cays almost completely before the arrival of the second
one. The qubits’ states probed by the first and second
photon are approximately the same, namely |g1g2〉. As a
consequence, the evolution of the concurrence with time
displays two similar peaks. When the delay is shortened
as in panels 4(c) and 4(d), the population of the state |+〉
is significant at the arrival of the second photon. In this
situation, the transitions from this state, marked as blue
arrows in Fig. 4(a), start to be relevant and thus the
square root term in Eq. (6) increases. Eventually, the
condition 2
√
ρβ(t)ρGS(t) ≥ ρ+(t) is satisfied. At this
5point the concurrence vanishes in a phenomenon known
as sudden death of entanglement [34]. If the population
of the state |+〉 at the arrival of the second photon is
not too high [panel 4(c)], the square root term only be-
comes slightly larger than ρ+(t). As a consequence, the
transitions |e1e2〉 → |+〉 and |g1g2〉 → |+〉 sufficiently
increase the population of the |+〉 state so as to pro-
duce a revival of entanglement. Such phenomenon, how-
ever, does not take place in panel 4(d) where the two
curves are far apart from each other. In the zero-delay
limit [panel 4(e)], the concurrence does never rise, as the
condition 2
√
ρβ(t)ρGS(t) ≥ ρ+(t) is fulfilled during all
the time evolution. This is a consequence of the maxi-
mally efficient pumping of the doubly excited state |e1e2〉.
Entanglement sudden death and revival are well-known
processes in quantum optics, which have been theoreti-
cally studied [35, 36] and experimentally observed [37, 38]
in cavity QED and other systems, although, up to our
knowledge, not in waveguides.
The analysis of Figs. 3 and 4 shows that we can easily
tune the entanglement generation by means of the second
photon delay: when selecting large values of ∆, photons
act independently so we can generate a train of pulses in
the concurrence. However, by decreasing the delay time
we are able to shorten the pulse to the desired duration
via sudden death of entanglement. Finally, for zero de-
lay we are able to rise the population of the qubit levels
without generating any entanglement. This manipula-
tion of the single-photon concurrence could turn out to
be a powerful tool for quantum computation purposes.
IV. ENTANGLEMENT DETECTION
So far we have studied the feasibility of generating en-
tanglement between the qubits, as well as manipulating
its time evolution. The relevance of these results relies
on the possibility of the experimental detection of entan-
glement. Different schemes have been proposed to mea-
sure entanglement both in superconducting qubits [39]
or ion trap systems [40], but they usually require com-
plex quantum operations being performed over the state
of the qubits. Moreover, the study of an efficient way
of detecting entanglement in waveguide QED systems
is lacking. Here, we address this problem by analyzing
the scattering of a single photon over a pure qubit state.
With this method, we provide a detection procedure that
is especially suitable for waveguides, and experimentally
affordable as the state of the qubits does not need to be
modified.
The configuration we propose is characterized by an
initial state as depicted in Fig. 5(a): a single-photon with
the shape of Eq. (4) impinges from x = −∞ over the two
qubits, which are in a pure, single-excitation state. The
expression corresponding to this initial state is
|Ψ(0)〉 =
(∫
dx ψ(x;x0)c
†
R(x)
)
⊗
(
σ†1 + ξσ
†
2√
1 + |ξ|2
)
|0〉. (7)
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FIG. 4. (Color online) a) Level structure of the two-qubit sys-
tem. The subradiant state is uncoupled from the waveguide
and does not interact with the guided photons. b)-e) Time
evolution of the two competing terms in the expression of the
concurrence [Eq. (6)], for different photon-photon delays ∆.
The parameter ξ ranges from −∞ to ∞ and fully deter-
mines the state of the qubits. In particular, the disentan-
gled states |e1g2〉 and |g1e2〉 are obtained for ξ = 0 and
ξ = ∞, respectively. Similarly, the even and odd states
|±〉 correspond to ξ = ±1. The parameter ξ also de-
termines the entanglement properties of the system. In-
deed, the initial concurrence associated with this single-
excitation two-qubit state is given by
C(ξ) =
2|ξ|
1 + |ξ|2 . (8)
In order to determine the initial concurrence C(ξ) of
the qubits from scattering data we set a detector at some
position x > 0, as seen in Fig. 5(a). This detector mea-
sures the total probability of collecting two photons prop-
agating rightwards, PRR. Our goal is to relate this scat-
tering output to the initial concurrence. We keep the
detector open during all the time evolution. This means
6FIG. 5. (Color online) Entanglement detection. a) Scheme of the initial state: a single photon with the shape in Eq.(4)
impinges over the qubits, which are in the single-excitation state parametrized by ξ [Eq. (7)]. A detector is placed at x > 0. b)
Two-photon total detection probability, PRR, as a function of the qubit-waveguide coupling and the entanglement parameter
ξ. c) Two-photon detection probability as a function of the initial concurrence, for different values of the qubit-waveguide
coupling γ.
that the total probability PRR can be obtained by in-
tegrating the corresponding probability density over all
positive positions:
PRR =
= lim
t→∞
∫ ∞
0
dx1
∫ ∞
x1
dx2〈c†R(x2)c†R(x1)cR(x1)cR(x2)〉.
(9)
The limit t → ∞ is taken in order to guarantee that
the photon-qubit interaction has finished, and thus all
probability has been taken into account. The lower limit
in the first integral, x1, avoids double counting of states.
To ensure that the qubit state has not decayed before it
has been probed, we have assumed the initial condition
γx0 << vg, i.e., we consider the initial single-photon
wavefront to be very close to x = 0.
The simple structure of the initial wavepacket in
Eq. (4) allows for an analytical calculation of the prob-
ability PRR, which is displayed in Fig. 5(b). Here we
have set ω = Ω as in previous sections, and plotted the
two-photon detection probability PRR versus the qubit-
waveguide coupling and the entanglement parameter ξ.
As γ is not fixed, the particular value of µ is now relevant,
and we choose it to be smaller than in previous sections,
µ = Ω/3000. In this way we work within the experi-
mental range for many waveguide QED systems [41]. In
Fig. 5(b) we observe that PRR depends on the param-
eter ξ and, therefore, on the initial entanglement of the
qubits. Note that this dependence is more pronounced
for γ = µ/2, where PRR reaches a maximum as the de-
cay/excitation rate of the two-qubit system is equal to
the rate at which the pulse is arriving. Fig. 5(c) depicts
the two-photon detection probability as a function of the
initial concurrence of the qubits, for several values of the
qubit-waveguide coupling γ. These curves show that, for
a given γ, there is a biunivocal relation between PRR and
the initial concurrence.
Although the detection scheme provided above is very
clear, its dependence on all system parameters makes it
difficult to implement experimentally. In order to use
this method we need to know the qubit-waveguide cou-
pling γ and transition frequency Ω. Moreover, we have to
guarantee that the incident single-photon has the shape
of Eq. (4), with known parameters µ and ω. Finally, we
need a dispersionless waveguide in order not to modify
the wavepacket during its propagation. All these condi-
tions show that a parameter-independent method would
be much more useful. For this reason, in what follows we
derive a very general result that does not depend on all
those details.
Our analysis is based on the hypothesis that there is
a kind of universal curve relating PRR with the initial
concurrence, as Fig. 5(c) suggests. Let us start with
the same initial state [Eq. (7)] and express the qubit
operators in the even and odd basis:
|Ψ(0)〉 =
(∫
dx ψ(x;x0)c
†
R(x)
)
⊗
⊗
(
(1 + ξ)σ†e + (1 − ξ)σ†o√
2
√
1 + |ξ|2
)
|0〉. (10)
The contribution associated to the odd symmetry qubit
state does not interact with the incident photon nor de-
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FIG. 6. (Color online) General result for entanglement detection in waveguide QED. The relation between the concurrence of
the two qubits (red dashed line) and the normalized two-photon probability (blue solid line) is shown in this picture.
cays into the waveguide. Thus, as the total number of
excitations (N = 2) is conserved, the time evolution of
the term proportional to σ†o|0〉 will correspond to a one-
photon state. On the other hand, the even term σ†e|0〉
interacts with photons in a complex way, and will de-
cay completely into photonic modes for sufficiently long
times. As a consequence, at time t → ∞ this term will
evolve to a two-photon state. Hence, by measuring any
two-photon magnitude such as PRR we project onto the
subspace proportional to σ†e|0〉. In this way we eliminate
the odd symmetry contribution, and the dependence with
the parameter ξ can be explicitly extracted out of PRR:
PRR =
∣∣∣∣∣ 1 + ξ√2√1 + |ξ|2
∣∣∣∣∣
2
lim
t→∞
∫ ∞
0
dx1
∫ ∞
x1
dx2
∣∣∣∣cR(x1)cR(x2)
∫
dxc†R(x)ψ(x;x0)|0〉
∣∣∣∣
2
.
(11)
Note that in the expression above, the dependence with
all the system parameters except ξ is contained inside the
integrals. Finally, we introduce the two-photon detection
probability for an initially disentangled state, PRR(ξ =
0), and rearrange the previous equality to obtain∣∣∣∣ PRR(ξ)PRR(ξ = 0) − 1
∣∣∣∣ = 2Re[ξ]1 + |ξ|2 . (12)
If the parameter ξ is a real number, the expression above
is equal to the concurrence [Eq. (8)], and thus the mea-
surement of the normalized probability PRR(ξ)/PRR(ξ =
0) fully determines the initial entanglement between the
qubits. This situation is represented in Fig. 6, where the
relation between concurrence (dashed line) and normal-
ized probability (solid line) is shown. On the other hand,
when ξ has an imaginary part, Eq. (12) is less restrictive
as we have C(ξ) > |PRR(ξ)/PRR(ξ = 0) − 1|. This ex-
pression is still useful as it provides a lower bound for the
concurrence of the qubits. The possibility of measuring
entanglement only through two scattering measurements,
PRR(ξ) and PRR(0), is a very powerful result. Note that,
as Eq. (12) holds for any two-photon probability, the
same information can be obtained by measuring either
PLL or PRL. Moreover, this property is independent on
all the system parameters, as it is valid for any qubits-
waveguide coupling γ and qubits transition frequency Ω.
Additionally, it does not depend on the single photon
source, as the shape of the wavepacket is completely arbi-
trary (provided that it has a steep increasing wavefront).
The inclusion of losses in the qubits due to emission into
free-space modes would not modify this equality. The
generality of our result allows for an easier experimental
detection of entanglement in waveguide QED.
V. CONCLUSION
Waveguide QED is a currently expanding field with
numerous potential applications in quantum information
and computation. The interaction between qubits cou-
pled to a waveguide can be mediated by guided photons
and it is possible to harness these processes to control
the entanglement of the qubits. In this context we have
explored three fundamental aspects in this work, namely
entanglement generation, manipulation, and detection.
Previous research has addressed entanglement control by
pumping the qubits with an external source. Here we
take advantage of the presence of the waveguide not only
to couple the qubits to each other but also to excite them.
The scattering of one or two guided photons impinging
on the two qubit system gives rise to the entanglement
of the pair, and we show that the corresponding time
profile of the generated concurrence can be altered by
adjusting the delay between both photons. Such modi-
fication is a consequence of sudden death and revival of
entanglement phenomena taking place in the system. In
a complementary way we also demonstrate that, given
an initial one-excitation state of the qubits, it is possible
to infer the initial concurrence of the two-qubit system
8by analyzing the scattering output of one photon im-
pinging on them. Our results could have implications
for devising scalable quantum devices, where waveguides
have been suggested as ideal platforms for control and
information transfer between different parts of a quan-
tum network [42–44]. One of the key requirements for
scalability purposes is the precise control of the qubit-
qubit entanglement in waveguide systems, which could
be achieved with the generation, manipulation, and de-
tection schemes presented in this work. Moreover, the
recent experimental advances in superconducting waveg-
uides [16] show that waveguide QED is a realistic and
promising candidate for quantum information purposes.
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Appendix: diagonalization of the hamiltonian in the
N = 2 Fock subspace
This Appendix is devoted to the diagonalization of the
Hamiltonian in Eq. (2) in the two-excitation subspace.
In order to do this, we start by rewriting this expression
as
H = He +Ho1 +Ho2, (A.1)
where the three components are defined as
He = −ivg
∫
dxc†e(x)∂xce(x)+
+Ωσ†eσe + V
∫
dxδ(x)
[
c†e(x)σe + h.c.
]
,
(A.2)
Ho1 = −ivg
∫
dxc†o(x)∂xco(x), (A.3)
Ho2 = Ωσ
†
oσo. (A.4)
The first Hamiltonian describes the two qubits coupled
to the even parity photons. The second and third terms
describe the free, odd parity photons and the uncoupled
odd qubit state, respectively. It can be checked that the
following commutation relations hold:
[He, Ho1] = [He, Ho2] = [Ho1, Ho2] = 0. (A.5)
As a consequence, we can diagonalize the three different
subspaces separately. The single-excitation eigenstates of
{He, Ho1, Ho2} have been discussed in detail in Ref. [27],
and will be respectively labeled as {|ǫe〉s, |ǫo1〉s, |Ωo2〉s}.
It is straightforward to notice that |ǫo1〉s is a free plane
wave, while |Ωo2〉s = |−〉 = σ†o|0〉. The eigenstate |ǫe〉s
contains both a photonic part and a qubit contribution.
In the two-excitation subspace, we can construct eigen-
states in two different ways: first, by taking the di-
rect product of single-excitation states belonging to
two different subspaces. This yields three eigenstates
corresponding to the three possible direct products of
{|ǫe〉s, |ǫo1〉s, |Ωo2〉s}:
|ǫ1〉 = |k1,e〉s ⊗ |k2,o1〉s, (A.6)
|ǫ2〉 = |(ǫ − Ω)e〉s ⊗ |−〉, (A.7)
|ǫ3〉 = |(ǫ− Ω)o1〉s ⊗ |−〉, (A.8)
where the energy is given by ǫ = vg (k1 + k2). The
commutation relations (A.5) guarantee that these direct
products are eigenstates of the total Hamiltonian [Eq.
(2)]. The second kind of eigenstates are formed by two ex-
citations which belong to the same subspace. In the case
of the two-level Hamiltonian Ho,2, the double occupation
of the excited state is not possible, so no eigenstate of this
kind exists. In the case of the free Hamiltonian Ho,1, the
absence of interaction term makes the eigenstate to be
also a direct product, |k1,o1〉s ⊗ |k2,o1〉s. Additionally,
the bosonic character of the photons has to be taken into
account via symmetrization of the wavefunction, so the
final expanded state reads
|ǫ4〉 =
∫
dx1
∫
dx2
(
eik1x1+ik2x2 + eik1x2+ik2x1
)
c†o(x1)c
†
o(x2)|0〉. (A.9)
The fifth and last state is the most laborious to obtain.
It is formed by two excitations in the subspace spanned
by He, and cannot be expressed as a direct product. We
follow the procedure of Ref. [24] and make the following
Ansatz for this eigenstate:
|ǫ5〉 =
∫
dx1
∫
dx2φee(x1, x2)c
†
e(x1)c
†
e(x2)|0〉+∫
dxα(x)c†e(x)σ
†
e |0〉+ βσ†eσ†e|0〉. (A.10)
The next step is to apply the even Hamiltonian (A.2)
over this state and set the time-independent Schro¨dinger
equation, He|ǫ5〉 = ǫ|ǫ5〉. We can then split the result
into independent components, arriving to the following
system of equations:
(ǫ− 2Ω)β = V α(0), (A.11)
(ǫ− Ω + ivg∂x)α(x) = V βδ(x) + 2V φee(0, x), (A.12)
(ǫ+ ivg∂1 + ivg∂2)φee(x1, x2) =
=
V
2
[δ(x1)α(x2) + δ(x2)α(x1)] . (A.13)
To get rid of the delta functions, we integrate the equa-
tions in the vicinities of x = 0. After manipulating the
result, we arrive to the following equivalent system:
(ǫ− 2Ω)β = V α(0), (A.14)
10
ivg(φee(0
+, x)− φee(0−, x)) = V
2
α(x), (A.15)
(ǫ+ ivg∂1 + ivg∂2)φee(x1, x2) = 0, (A.16)
ivg(α(0
+)− α(0−)) = V β, (A.17)
(
ǫ − Ω+ iγ
2
+ ivg∂x
)
φee(0
+, x) =
=
(
ǫ− Ω− iγ
2
+ ivg∂x
)
φee(0
−, x). (A.18)
The next step is the following: first, we use Eqs. (A.16)
and (A.17) to solve for the two-photon wavefunction
φ(x1, x2) = φ(x2, x1) (the symmetry under the permuta-
tion {x1 ↔ x2} obeys the bosonic character of photons).
This has been done in detail in Ref. [24], where the
wavefunction is determined with the exception of a free
parameter C. We then have a system of three equations
(A.14, A.15, and A.17) for the three unknowns α(x), β, C.
The final solutions are more easily written as a function
of the coefficients c±j = kj − (Ω/vg)± i (γ/2vg), and are
given by
β =
2γ/vg
c+1 c
+
2
c+1 + c
+
2
c+1 + c
+
2 − iγ/2vg
, (A.19)
α(x) = 2
√
γ
vg
·


eik1x
c+
2
+ e
ik2x
c+
1
for x < 0,
1
c+
1
1
c+
2
[
c−2 e
ik2x + c−1 e
ik1x + i γvg
c+
1
+c−
2
c+
1
+c+
2
−iγ/2vg
ei(k1+k2)xe(−i−(γ/2vg))x
]
for x > 0.
(A.20)
φ(x1, x2) =


eik1x1+ik2x2 + eik1x2+ik2x1 for x1 < x2 < 0,
c−
2
c+
2
eik1x1+ik2x2 +
c−
1
c+
1
eik1x2+ik2x1 for x1 < 0 < x2,
c−
1
c+
1
c−
2
c+
2
(
eik1x1+ik2x2 + eik1x2+ik2x1
)
+
+θ(x2 − x1) (γ/vg)
2
c+
1
c+
2
c+
1
+c−
2
c+
1
+c+
2
−iγ/2vg
eiΩx1/vgei(ǫ−Ω)x2/vge−γ|x2−x1|/2vg for 0 < x1 < x2.
(A.21)
Let us focus on interpreting the two-photon wavefunc-
tion (Eq. A.21). In the region x1, x2 < 0 it is a boson-
symmetrized plane wave; then, when one of the photons
crosses the boundary x = 0, each term is multiplied by
the single-photon transmission coefficient [27]. Finally,
when both photons have interacted with the qubits, two
contributions appear in the wavefunction: the first one is
the linear term, in which the incoming wave is just mul-
tiplied by the transmission coefficient for both photons.
These linear terms are responsible for the two excitation
transitions we discuss in Fig. 4 (a), via the usual reflec-
tion and transmission processes. The second term in the
transmitted wavefunction is a two-photon bound state
coming from the discrete nature of the qubits’ energy lev-
els. This process has been studied in detail in previous
works [45–48], and is responsible for the photon-induced
decay of a previously excited qubit into the waveguide,
i.e., the stimulated emission shown in Fig. 4 (a). Finally,
the value of φ(x1, x2) in the region x1 > x2 (note that
Eq. (A.21) shows the solution only in x1 < x2) can be
obtained by using the boson symmetry [24].
After the eigenstates have been explicitly calculated,
the time-evolution operator can be obtained. Taking into
account the bosonic symmetry and the fact that |ǫ4〉 and
|ǫ5〉 are not normalized to unity, we arrive to the following
compact expression:
U(t) =
1
2πvg
∫
dǫe−iǫt (|ǫ2〉〈ǫ2|+ |ǫ3〉〈ǫ3|) +
+
1
2
1
16π2
∫
dk1
∫
dk2e
−ivg(k1+k2)t
(|ǫ5〉〈ǫ5|+
+|ǫ4〉〈ǫ4|+ 8|ǫ1〉〈ǫ1|
)
.
(A.22)
where we have taken Ω = 1 for simplicity.
